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Àííîòàöèÿ

Â âåñîâîì ïðîñòðàíñòâå Áåðãìàíà Bq,γ , (1 ≤ q ≤ ∞) äëÿ îïðåäåë�åííûõ

êëàññîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé ïîëó÷åíû òî÷íûå

çíà÷åíèÿ íåêîòîðûõ èçâåñòíûõ â òåîðèè ïðèáëèæåíèÿ n-ïîïåðå÷íèêîâ.

Êëþ÷åâûå ñëîâà è �ðàçû

íàèëó÷øåå ïðèáëèæåíèå, ìîäóëü íåïðåðûâíîñòè, n-ïîïåðå÷íèêè, ìà-

æîðàíòà.
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�1. Ââåäåíèå è ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ê íàñòîÿùåìó âðåìåíè äëÿ ýêñòðåìàëüíîé çàäà÷è âû÷èñëåíèÿ òî÷íûõ

çíà÷åíèé n-ïîïåðå÷íèêîâ ðàçëè÷íûõ êëàññîâ àíàëèòè÷åñêèõ â åäèíè÷íîì
êðóãå �óíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó Õàðäè Hq (1 ≤ q ≤ ∞)
è îáû÷íîìó ïðîñòðàíñòâó Áåðãìàíà Bq (1 ≤ q ≤ ∞), ïîëó÷åí ðÿä

îêîí÷àòåëüíûõ ðåçóëüòàòîâ (ñì., íàïðèìåð, ðàáîòû [1℄�[16℄ è ëèòåðàòó-

ðó ïðèâåäåííóþ â íèõ). Íî äëÿ âåñîâîãî ïðîñòðàíñòâà Áåðãìàíà Bq,γ

(1 ≤ q ≤ ∞, γ := γ(|z|) > 0) óêàçàííûé âîïðîñ ìåíåå èçó÷åí. Òåì íå

ìåíåå íåêîòîðûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè ïîëó÷åíû â íåäàâíî îïóá-

ëèêîâàííûõ ðàáîòàõ [17℄�[19℄. Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïîëó÷åíèþ òî÷-

íûõ çíà÷åíèé íåêîòîðûõ âèäîâ n-ïîïåðå÷íèêîâ äëÿ îïðåäåëåííûõ êëàñ-

ñîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, ñ îãðàíè÷åííîé ïî íîðìå
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ïðîñòðàíñòâà Õàðäè r-é ïðîèçâîäíîé ‖f (r)‖Hq
(1 ≤ q ≤ ∞) â âåñîâûõ ïðî-

ñòðàíñòâàõ Áåðãìàíà è êëàññîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíê-

öèé B
(r)
2,γ(Φ), óñðåäí�åííîå çíà÷åíèå ìîäóëÿ íåïðåðûâíîñòè ω(f (r), t)H2,ρ

ñ

âåñîì sin
π

u
t (0 ≤ u ≤ π) êîòîðûõ â ïðîñòðàíñòâå H2,ρ (0 < ρ < 1) îãðà-

íè÷åíî ñâåðõó çàäàííîé ìîíîòîííî âîçðàñòàþùåé ìàæîðàíòîé Φ â ïðî-

ñòðàíñòâå B2,γ ÿâëÿþùèåñÿ îáîáùåíèåì êëàññîâ B
(r)
2,ρ,λ(Φ), ðàññìîòðåííîé

ðàíåå Ñ.Á.Âàêàð÷óêîì [9℄. Ïîñëåäíûé êëàññ ñîäåðæèòñÿ â B
(r)
2,γ(Φ) â ñëó÷àå

γ(ρ) = (1− ρ)λ(1/p− 1/2)− 1, 0 < p < 2, 1 ≤ λ ≤ ∞.

Íàïîìíèì íåîáõîäèìûå â äàëüíåéøåì ïîíÿòèÿ. Ïóñòü U := {z ∈ C :
|z| < 1} � åäèíè÷íûé êðóã â êîìïëåêñíîé ïëîñêîñòè C, A(U) � ìíîæåñòâî

àíàëèòè÷åñêèõ â U �óíêöèé. Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ A(U) ïðè
ρ ∈ (0, 1) ïîëîæèì

Mq(f, ρ) :=






 1

2π

2π∫

0

|f(ρeit)|qdt




1/q

, åñëè 1 ≤ q < ∞

max
{
|f(ρeit)| : 0 ≤ t < 2π

}
, åñëè q = ∞.

Ñèìâîëîì Hq, 1 ≤ q ≤ ∞, îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî Õàðäè,

ñîñòîÿùåå èç �óíêöèé f ∈ A(U), äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖Hq
:= lim

ρ→1−0
Mq(f, ρ). (1)

Õîðîøî èçâåñòíî [20, 
.279-280℄, ÷òî â (1) íîðìà ðåàëèçóåòñÿ íà óãëîâûõ

ãðàíè÷íûõ çíà÷åíèÿõ �óíêöèé f(ei(·)) ∈ Lq[0, 2π], 1 ≤ q ≤ ∞:

‖f‖Hq
= ‖f(ei(·))‖Lq[0,2π] =






 1

2π

2π∫

0

|f(eit)|qdt




1/q

, åñëè 1 ≤ q < ∞

ess sup
{
|f(eit)| : 0 ≤ t < 2π

}
, åñëè q = ∞.

Îáîçíà÷èì ÷åðåç Hq,ρ (1 ≤ q ≤ ∞, 0 < ρ ≤ 1) ïðîñòðàíñòâî Õàðäè àíàëè-

òè÷åñêèõ â êðóãå Uρ := {z ∈ C : |z| < ρ} �óíêöèé f(z), äëÿ êîòîðûõ

‖f‖Hq,ρ
:= ‖f(ρ·)‖Hq

< ∞.

ßñíî, ÷òî

Mq(f, ρ) = ‖f(ρei(·))‖Lq [0,2π].

×åðåç Lq := Lq(U), 1 ≤ q ≤ ∞ îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî

êîìïëåêñíîçíà÷íûõ â U �óíêöèé f , èìåþùèõ êîíå÷íóþ íîðìó

‖f‖Lq
=


 1

2π

∫∫

U

|f(z)|qdxdy




1/q

=


 1

2π

1∫

0

2π∫

0

ρ|f(ρeit)|qdtdρ




1/q

,
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ãäå èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà.

Ïóñòü γ(|z|) � íåêîòîðàÿ íåîòðèöàòåëüíàÿ èçìåðèìàÿ íå ýêâèâàëåíò-

íàÿ íóëåâîé �óíêöèÿ, ñóììèðóåìàÿ íà ìíîæåñòâå U . ×åðåç Lq,γ :=
Lq(U, γ), 1 ≤ q ≤ ∞, îáîçíà÷èì ìíîæåñòâî êîìïëåêñíîçíà÷íûõ â U �óíê-

öèé f , äëÿ êîòîðûõ

γ1/qf ∈ Lq(U), ‖f‖Lq,γ
= ‖γ1/qf‖Lq

.

Ïîä Bq,γ := Bq(U, γ), 1 ≤ q ≤ ∞, ïîíèìàåì áàíàõîâî ïðîñòðàíñòâî

f ∈ A(U) òàêèõ, ÷òî f ∈ Lq,γ. Ïðè ýòîì

‖f‖Bq,γ
:=




1∫

0

ργ(ρ)M q
q (f, ρ)dρ




1/q

=




1∫

0

ργ(ρ)‖f(ρei(·))‖qLq[0,2π]
dρ




1/q

.

(2)

Â ÷àñòíîì ñëó÷àå, êîãäà γ = 1 ïðîñòðàíñòâî Bq := Bq,1 ÿâëÿåòñÿ îáû÷-

íûì ïðîñòðàíñòâîì Áåðãìàíà.

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, S � åäèíè÷íûé øàð â íåì, K �

íåêîòîðîå âûïóêëîå öåíòðàëüíî-ñèììåòðè÷íîå ïîäìíîæåñòâî â X , Ln ⊂
X � n-ìåðíîå ëèíåéíîå ïîäïðîñòðàíñòâî, Ln ⊂ X � ïîäïðîñòðàíñòâî

êîðàçìåðíîñòè n, Λ : X → Ln � ëèíåéíûé íåïðåðûâíûé îïåðàòîð, îòîáðà-

æàþùèé X â Ln.

Ïðèáëèæåíèå �èêñèðîâàííîãî ìíîæåñòâà K ⊂ X �èêñèðîâàííûì ïîä-

ïðîñòðàíñòâîì Ln ýòîãî æå ïðîñòðàíñòâà X îïðåäåëÿåòñÿ âåëè÷èíîé

E(K,Ln)X := sup{inf{‖f − ϕ‖X : ϕ ∈ Ln} : f ∈ K}.

Âåëè÷èíà

E (K,Ln)X := inf{sup{‖f − Λ(f)‖X : f ∈ K} : ΛX ⊂ Ln} (3)

õàðàêòåðèçóåò íàèëó÷øåå ëèíåéíîå ïðèáëèæåíèå ìíîæåñòâà K ýëåìåíòà-

ìè ïîäïðîñòðàíñòâà Ln ⊂ X . Âåëè÷èíû

dn(K,X) := inf{E(K,Ln)X : Ln ⊂ X}, (4)

dn(K,X) := inf{sup{‖f‖X : f ∈ K ∩ Ln} : Ln ⊂ X}, (5)

bn(K,X) := sup{sup{ε > 0 : εS ∩ Ln+1 ⊂ K} : Ln+1 ⊂ X}, (6)

δn(K,X) := inf{E (K,L)X : Ln ⊂ X} (7)

íàçûâàþò ñîîòâåòñòâåííî êîëìîãîðîâñêèì, ãåëü�àíäîâñêèì, áåðíøòåéí-

îâñêèì è ëèíåéíûì n-ïîïåðå÷íèêàìè (ñì., íàïðèìåð, [7, ãë. II, � 1�4℄, [21,

ãë. 4, � 4.1℄).
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Åñëè ñóùåñòâóåò ïîäïðîñòðàíñòâî L∗
n ⊂ X , dimL∗

n ≤ n, íà êîòîðîì

íèæíÿÿ ãðàíü â (4) äîñòèãàåòñÿ, òî åñòü dn(K,X) = E(K,L∗
n)X , òî L∗

n íà-

çûâàþò ýêñòðåìàëüíûì ïîäïðîñòðàíñòâîì äëÿ dn(K,X). Ýêñòðåìàëüíîå
ïîäïðîñòðàíñòâî L∗

n ÿâëÿåòñÿ íàèëó÷øèì àïïàðàòîì ïðèáëèæåíèÿ ìíîæå-

ñòâà K â êëàññå âñåõ ïîäïðîñòðàíñòâ {Ln} ⊂ X .

Ïîäïðîñòðàíñòâî L̃n ⊂ X , dim L̃n ≤ n, åñëè îíî ñóùåñòâóåò, äëÿ êîòî-

ðîãî

δn(K,X) = E (K, L̃n)X ,

íàçûâàþò ýêñòðåìàëüíûì äëÿ δn(K,X). Îñîáûé èíòåðåñ ïðåäñòàâëÿåò

îòûñêàíèå ýêñòðåìàëüíûõ ïîäïðîñòðàíñòâ L̂n ⊂ X , dim L̂n ≤ n, òàêèõ,
÷òî

E(K, L̂n)X = E (K, L̂n)X = dn(K,X) = δn(K,X).

Åñëè ñóùåñòâóåò ïîäïðîñòðàíñòâî Ln+1 ⊂ X , dimLn+1 ≤ n + 1, äëÿ êîòî-

ðîãî

bn(K,X) = sup{ε > 0 : εS ∩ Ln+1 ⊂ K},
òî îíî ÿâëÿåòñÿ ýêñòðåìàëüíûì äëÿ bn(K,X).

Ïîäïðîñòðàíñòâî Ln
∗ ⊂ X êîðàçìåðíîñòè n, åñëè îíî ñóùåñòâóåò, òàêîå,

÷òî

dn(K,X) = sup{‖f‖X : f ∈ K ∩ Ln
∗},

íàçûâàþò ýêñòðåìàëüíûì äëÿ dn(K,X).
Íàïîìíèì, ÷òî ìåæäó ïåðå÷èñëåííûìè âûøå n-ïîïåðå÷íèêàìè (4)�(7)

èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ

bn(K,X) ≤ dn(K,X)
dn(K,X)

≤ δn(K,X). (8)

�2. Îñíîâíàÿ òåîðåìà î çíà÷åíèè n-ïîïåðå÷íèêîâ â Bq,γ

Ïóñòü Pn � ïîäïðîñòðàíñòâî êîìïëåêñíûõ àëãåáðàè÷åñêèõ ïîëèíîìîâ

ñòåïåíè íå áîëåå n. �àâåíñòâîì

En−1(f)X := E(f,Pn−1)X := inf{‖f − pn−1‖X : pn−1 ∈ Pn−1} (9)

îïðåäåëèì âåëè÷èíó íàèëó÷øåãî ïðèáëèæåíèÿ �óíêöèè f ∈ X ïîäïðîñò-

ðàíñòâîì Pn−1, à

En−1(M)X := E(M,Pn−1)X := sup{En−1(f)X : f ∈ M} (10)

� íàèëó÷øåå ïðèáëèæåíèå ìíîæåñòâà M ⊂ X ïîäïðîñòðàíñòâîì Pn−1,

ãäå X = Bq,γ èëè X = Hq (1 ≤ q ≤ ∞).
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Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ A(U), èìåþùåé ðàçëîæåíèå â ðÿä

Òåéëîðà

f(z) =

∞∑

k=1

ck(f)z
k, z ∈ U, (11)

ïðîèçâîäíóþ r-ãî ïîðÿäêà f (r) (f (0) ≡ f) îïðåäåëèì ðàâåíñòâîì

f (r)(z) =
∞∑

k=r

αk,rck(f)z
k−r, r ∈ N,

ãäå

αk,r := k(k − 1) · · · (k − r + 1), k ≥ r, k ∈ N, r ∈ Z+, αk,0 = 1.

Âñþäó äàëåå ÷åðåç H
(r)
q (r ∈ Z+, 1 ≤ q ≤ ∞) îáîçíà÷èì ìíîæåñòâî

�óíêöèé f ∈ Hq (1 ≤ q ≤ ∞), ó êîòîðûõ ‖f (r)‖Hq
< ∞ (1 ≤ q ≤ ∞).

Îáîçíà÷èì ÷åðåç W (r)X � êëàññ �óíêöèé f ∈ A(U), êîòîðûå óäîâëåò-
âîðÿþò óñëîâèþ ‖zrf (r)(z)‖X ≤ 1. Îòìåòèì, ÷òî â ñëó÷àå ïðîñòðàíñòâà

Õàðäè X = Hq (1 ≤ q ≤ ∞) ïîïåðå÷íèêè ïî Êîëìîãîðîâó êëàññà W (r)Hq

ïðè âñåõ q ∈ [1,+∞] âû÷èñëåíû â ðàáîòå Ë.Â.Òàéêîâà [3℄, à â ñëó÷àå îáû÷-

íîãî ïðîñòðàíñòâà Áåðãìàíà Bq (1 ≤ q ≤ ∞) çíà÷åíèÿ âñåõ ïåðå÷èñëåííûõ
âûøå n-ïîïåðå÷íèêîâ íàéäåíû â ðàáîòå Ñ.Á.Âàêàð÷óêà [9℄.

Çäåñü ìû ïðîäîëæèì èññëåäîâàíèå â ýòîì íàïðàâëåíèè è âû÷èñëèì

òî÷íûå çíà÷åíèåÿ âñåõ n-ïîïåðå÷íèêîâ êëàññà �óíêöèé W (r)Hq â âåñîâîì

ïðîñòðàíñòâå Áåðãìàíà Bq,γ (1 ≤ q < ∞).
Äëÿ äàëüíåéøåãî íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü n ∈ N, r ∈ Z+, n > r. Òîãäà äëÿ ïðîèçâîëüíîé

�óíêöèè f ∈ H
(r)
q (1 ≤ q < ∞) âûïîëíÿåòñÿ íåóëó÷øàåìîå íåðàâåíñòâî

En−1(f)Bq,γ
≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

En−r−1(f
(r))Hq

, (12)

â òîì ñìûñëå, ÷òî ñóùåñòâóåò �óíêöèÿ f0 ∈ H
(r)
q (1 ≤ q < ∞), îáðàùà-

þùàÿ (12) â ðàâåíñòâî.

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè

f ∈ H
(r)
q ñóùåñòâóåò ïîëèíîì pn−1(z), çàâèñÿùèé îò �óíêöèè f(z), äëÿ

êîòîðîé âûïîëíÿåòñÿ íåðàâåíñòâî

‖f − pn−1‖Hq,ρ
≤ ρn · 1

αn,r

En−r−1(f
(r))Hq

. (13)
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Äëÿ ýòîãî âîñïîëüçóåìñÿ ñõåìîé ðàññóæäåíèé ðàáîòû [16℄ (ñëó÷àé s = 0).
Ïóñòü Pn−r−1(f

(r), z) � ïîëèíîì íàèëó÷øåãî ïðèáëèæåíèÿ ïðîèçâîäíîé

f (r)(z) â íîðìå ïðîñòðàíñòâà Hq:

En−r−1(f
(r))Hq

= ‖f (r) − Pn−r−1(f
(r))‖Hq

.

Ïîëîæèì

R(z) := R(f (r), z) = f (r)(z)− Pn−r−1(f
(r), z).

Âûðàæàÿ êîý��èöèåíòû Òåéëîðà ck(f) �óíêöèè f(z) ïî �îðìóëå

ck(f) =
1

2πiαk,r

∫

|ζ|=1

ζrR(ζ)

ζk+1
dζ, k ≥ n, k, n ∈ N,

è ïîëàãàÿ äëÿ z ∈ U , |z| = ρ < 1,

dk(f) := dk,n(f) = − |z|2(n−k)

2πiα2n−k,r

∫

|ζ|=1

ζrR(ζ)

ζk+1
dζ, 0 ≤ k ≤ n− 1,

ñ ó÷�åòîì �îðìóëû (11) äëÿ �óíêöèè f ïîëó÷àåì

f(z)−
n−1∑

k=0

ck(f)z
k −

n−1∑

k=0

dk(f)z
k =

∞∑

k=n

ck(f)z
k −

n−1∑

k=0

dk(f)z
k

=
∞∑

k=n

1

αk,r




zk

2πi

∫

|ζ|=1

ζrR(ζ)

ζk+1
dζ


+

n−1∑

k=0

|z|2(n−k)

α2n−k,r




zk

2πi

∫

|ζ|=1

ζrR(ζ)

ζk+1
dζ




=
zr

2πi

∫

|ζ|=1

(
z

ζ

)n−r

R(ζ)

{
∞∑

k=n

1

αk,r

(
z

ζ

)k−n

+

n−1∑

k=0

1

α2n−k,r

∣∣∣∣
z

ζ

∣∣∣∣
2(n−k)(

z

ζ

)k−n
}

dζ

ζ

=
zr

2πi

∫

|ζ|=1

(
z

ζ

)n−r

R(ζ)

{
1

αn,r
+

∞∑

k=1

1

αn+k,r

(
z

ζ

)k

+

n∑

k=1

1

αn+k,r

(
z

ζ

)k

+

∞∑

k=n+1

1

αn+k,r

(
z

ζ

)k
}

dζ

ζ

=
zr

2πi

∫

|ζ|=1

(
z

ζ

)n−r

R(ζ)

{
1

αn,r
+

∞∑

k=1

1

αn+k,r

[(
z

ζ

)k

+

(
z

ζ

)k
]}

dζ

ζ
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=
zr

2πi

∫

|ζ|=1

(
z

ζ

)n−r

R(ζ)

{
1

αn,r

+ 2Re
∞∑

k=1

1

αn+k,r

(
z

ζ

)k
}

dζ

ζ
.

Òàêèì îáðàçîì, äëÿ íåêîòîðîãî ïîëèíîìà pn−1(z), çàâèñÿùåãî îò �óíê-
öèè f(z), ñïðàâåäëèâà �îðìóëà

f(z)− pn−1(z)

=
zr

2πi

∫

|ζ|=1

(
z

ζ

)n−r

R(ζ)

{
1

αn,r
+ 2Re

∞∑

k=1

1

αn+k,r

(
z

ζ

)k
}

dζ

ζ
. (14)

Ïîëàãàÿ â (14) z = ρeit, ζ = eiθ è âûïîëíèâ çàìåíó ïåðåìåííûõ θ − t = τ ,
çàïèøåì �îðìóëó (14) â ñëåäóþùåì âèäå:

f(ρeit)− pn−1(ρe
it)

=
ρneirt

2π

2π∫

0

e−i(n−r)τR(ei(t+τ))

{
1

αn,r
+ 2

∞∑

k=1

ρk

αn+k,r
cos kτ

}
dτ. (15)

Íåòðóäíî ïðîâåðèòü, ÷òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü

{
ρk

αn+k,r

}∞

k=0

ÿâëÿ-

åòñÿ âûïóêëîé âíèç è å�å îáùèé ÷ëåí ñòðåìèòñÿ ê íóëþ ïðè k → ∞. Íî

òîãäà â ñèëó ëåììû 2.3 [7, 
.251℄ �óíêöèÿ

Φn,r(t) :=
1

αn,r

+ 2
∞∑

k=1

ρk

αn+k,r

cos kt

ÿâëÿåòñÿ íåîòðèöàòåëüíîé è èíòåãðèðóåìîé íà îòðåçêå [0, 2π] �óíêöèåé.
Ïóñòü 1 ≤ q < ∞. Èç ðàâåíñòâà (15) ïîëó÷àåì

‖f − pn−1‖Hq,ρ
=





1

2π

2π∫

0

∣∣f(ρeit)− pn−1(ρe
it)
∣∣q dt





1/q

=





1

2π

2π∫

0

∣∣∣∣∣∣
ρneirt

2π

2π∫

0

e−i(n−r)τR(ei(t+τ))Φn,r(τ)dτ

∣∣∣∣∣∣

q

dt





1/q

.

(16)

Â ñèëó îáîáù�åííîãî íåðàâåíñòâà Ìèíêîâñêîãî èç ðàâåíñòâà (16) èìååì

‖f − pn−1‖Hq,ρ
≤ ρn

2π

2π∫

0

|e−i(n−r)τΦn,r(τ)|dτ · ‖R‖Hq
=

ρn

αn,r
‖R‖Hq

,
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è òàê êàê ‖R‖Hq
= En−r−1(f

(r))Hq
, îêîí÷àòåëüíî ïîëó÷àåì

‖f − pn−1‖Hq,ρ
≤ ρn · 1

αn,r

En−r−1(f
(r))Hq

.

Òàêèì îáðàçîì, íåðàâåíñòâî (13) äîêàçàíî äëÿ 1 ≤ q < ∞.

Ñëó÷àé q = ∞ ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì èç (13). Èìååì

‖f − pn−1‖H∞,ρ
= lim

q→∞
‖f − pn−1‖q,ρ

= ρness sup
0≤t<2π

|R(eit)| ·
2π∫

0

|e−i(n−r)τΦn,r(τ)|dτ

=
ρn

αn,r
‖R‖∞ =

ρn

αn,r
· En−r−1(f

(r))H∞
.

Ýòèì íåðàâåíñòâî (13) ïîëíîñòüþ äîêàçàíî.

Â ñèëó îïðåäåëåíèÿ Mq(f, ρ) íåðàâåíñòâî (13) çàïèøåì â âèäå

Mq(f − pn−1, ρ) ≤ ρn
1

αn,r

En−r−1(f
(r))Hq

. (17)

Âîçâåä�åì îáå ÷àñòè íåðàâåíñòâà (17) â ñòåïåíü q (1 ≤ q < ∞), óìíîæèì íà

ργ(ρ) è èíòåãðèðóåì ïî ρ ∈ (0, 1), çàòåì ïîëó÷åííîå íåðàâåíñòâî âîçâåä�åì

â ñòåïåíü 1/q. Òîãäà, èñïîëüçóÿ îïðåäåëåíèå íîðìû â ïðîñòðàíñòâå Bq,γ,

èìååì

‖f − pn−1‖Bq,γ
≤




1∫

0

ρnq+1γ(ρ)dρ




1/q

1

αn,r

En−r−1(f
(r))Hq

.

Â ïîñëåäíåì íåðàâåíñòâå, ïåðåõîäÿ ê íèæíåé ãðàíè ïî âñåì êîìïëåêñíûì

ïîëèíîìàì pn−1 ∈ Pn−1, ïîëó÷àåì

En−1(f)Bq,γ
≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

En−r−1(f
(r))Hq

è íåðàâåíñòâî (12) äîêàçàíî. Íåïîñðåäñòâåííûì âû÷èñëåíèåì ìîæíî óáå-

äèòüñÿ, ÷òî íåðàâåíñòâî (12) äëÿ �óíêöèè f0(z) = zn îáðàùàåòñÿ â ðàâåí-
ñòâî, ÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 1.

Ïîëîæèì

Ln(f, z) =
r−1∑

k=0

ck(f)z
k +

n−1∑

k=r

ck(f)z
k

(
1− αk,r

α2n−k,r

|z|2(n−k)

)
, (18)

Gn,r,ρ(t) = ρneintΦn,r(t). (19)
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Òîãäà íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî óáåäèòüñÿ, ÷òî äëÿ

ïðîèçâîëüíîé �óíêöèè f ∈ W (r)Hq èìååò ìåñòî ðàâåíñòâî [7, 
.254,

ñëó÷àé R = 1℄:

f(ρeit)− Ln(f, ρe
it) =

1

2π

2π∫

0

f (r)(eiθ)Gn,r,ρ(t− θ)dθ, 0 < ρ ≤ 1. (20)

Òåîðåìà 2. Ïóñòü 1 ≤ q ≤ ∞, n ∈ N, r ∈ Z+, n > r. Òîãäà âûïîëíÿ-
þòñÿ ðàâåíñòâà

dn(W
(r)Hq;Lq,γ) = δn(W

(r)Hq;Lq,γ) = dn(W (r)Hq;Bq,γ)

= dn(W (r)Hq;Lq,γ) = bn(W
(r)Hq;Lq,γ)

= bn(W
(r)Hq;Bq,γ) = E(W (r)Hq;L

∗
n)Lq,γ

= E(W (r)Hq;L
∗
n)Bq,γ = sup{‖f −Ln(f)‖Lq,γ

: f ∈ W (r)Hq}

=





∞, åñëè n < r;

1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

, åñëè n ≥ r, 1 ≤ q < ∞;

1

αn,r
, åñëè n ≥ r, q = ∞.

(21)

Ïðè ýòîì:

1) L∗
n := span

{
{
zk
}r−1

k=0
,

{(
1− αk,r

α2n−k,r

|z|2(n−k)

)
zk
}n−1

k=r

}

ÿâëÿåòñÿ îïòèìàëüíûì ïîäïðîñòðàíñòâîì äëÿ êîëìîãîðîâñêîãî n-
ïîïåðå÷íèêà dn(W

(r)Hq;Lq,γ);
2) Ëèíåéíûé îïåðàòîð Ln(f, z), îïðåäåë�åííûé ðàâåíñòâîì (18), ÿâ-

ëÿåòñÿ îïòèìàëüíûì ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ äëÿ ëèíåéíîãî n-
ïîïåðå÷íèêà δn(W

(r)Hq;Lq,γ);
3) Ïîäïðîñòðàíñòâî Ln := {f : f ∈ Bq,γ, f (j)(0) = 0, j = 0, n− 1} ÿâëÿ-

åòñÿ îïòèìàëüíûì äëÿ ãåëü�àíäîâñêîãî n-ïîïåðå÷íèêà dn(W (r)Hq;Bq,γ);
4) Pn := span{1, z, . . . , zn} ÿâëÿåòñÿ îïòèìàëüíûì äëÿ áåðíøòåéíîâ-

ñêîãî n-ïîïåðå÷íèêà bn(W
(r)Hq;Bq,γ).

Äîêàçàòåëüñòâî. Äëÿ ñëó÷àÿ n < r ðåçóëüòàò (21) î÷åâèäåí, à ïîòîìó
ïðåäïîëîæèì, ÷òî n ≥ r è 1 ≤ q < ∞.

Äîêàæåì, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ W (r)Hq èìååò ìåñòî

íåðàâåíñòâî

Mq(f−Ln(f), ρ) =
∥∥f(ρei(·))− Ln(f, ρe

i(·))
∥∥
Lq[0,2π]

≤ ρn

αn,r

(0 < ρ ≤ 1). (22)
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Â ñàìîì äåëå, îöåíèâàÿ ïî àáñîëþòíîé âåëè÷èíå ðàâåíñòâî (20) è ïðè-

ìåíÿÿ ê èíòåãðàëó â ïðàâîé ÷àñòè íåðàâåíñòâî äëÿ ñâ�åðòîê [7, 
.253℄, ñ

ó÷�åòîì ðàâåíñòâà

1

2π

2π∫

0

|Gn,r,ρ(t)|dt =
ρn

αn,r

,

äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ W (r)Hq ïîëó÷àåì

Mq(f −Ln(f), ρ) = ‖f(ρei(·))− Ln(f, ρe
i(·))‖Lq[0,2π]

≤


 1

2π

2π∫

0

|f (r)(eiθ)|qdθ




1/q 
 1

2π

2π∫

0

|Gn,r,ρ(t)|dt




=
ρn

αn,r

‖f (r)‖Hq
≤ ρn

αn,r

,

îòêóäà è ñëåäóåò íåðàâåíñòâî (22).

Âîçâåäÿ îáå ÷àñòè (22) â ñòåïåíü q (1 ≤ q < ∞), óìíîæèâ íà �óíê-

öèþ ργ(ρ) è èíòåãðèðóÿ âíîâü ïîëó÷åííîå íåðàâåíñòâî ïî ρ ∈ [0, 1], ïîñëå
âîçâåäåíèÿ â ñòåïåíü 1/q (1 ≤ q < ∞), ïîëó÷àåì

‖f − Ln(f)‖Lq,γ

=




1∫

0

ργ(ρ)M q
q (f −Ln(f), ρ)dρ




1/q

≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

. (23)

Íî òîãäà èç ñîîòíîøåíèÿ ìåæäó n-ïîïåðå÷íèêàìè (8) è íåðàâåíñòâîì (23)

èìååì

diam(W (r)Hq,Lq,γ) ≤ δn(W
(r)Hq,Lq,γ) ≤ E(W (r)Hq, L

∗
n)Lq,γ

≤ sup{‖f − Ln(f)‖Lq,γ
: f ∈ W (r)Hq}

≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

, (24)

ãäå ïîä diam(·) ïîäðàçóìåâàåòñÿ ëþáîé èç n-ïîïåðå÷íèêîâ bn(·), dn(·) èëè
dn(·). Ïðè ýòîì

dn(W
(r)Hq,Lq,γ) ≤ E(W (r)Hq, L

∗
n)Lq,γ

≤ E(W (r)Hq, L
∗
n)Lq,γ

. (25)

Èçâåñòíî (ñì., [7, ãë. II, �3, ïðåäëîæåíèå 3.2℄), ÷òî åñëè X è Y � ëèíåé-

íûå íîðìèðîâàííûå ïðîñòðàíñòâà è X ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì Y , òî
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äëÿ ëþáîãî ìíîæåñòâà A ⊂ X , dn(A,X) = dn(A, Y ). Ïîñêîëüêó Bq,γ ⊂ Lq,γ

è W (r)Hq ⊂ Bq,γ, òî

dn(W (r)Hq, Bq,γ) = dn(W (r)Hq,Lq,γ), (26)

è èç îïðåäåëåíèÿ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà ñëåäóåò, ÷òî

bn(W
(r)Hq,Lq,γ) ≥ bn(W

(r)Hq, Bq,γ). (27)

Ïîëó÷èì îöåíêó ñíèçó áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà, çàïèñàí-

íîãî â ïðàâîé ÷àñòè íåðàâåíñòâà (27). Ñ ýòîé öåëüþ âîñïîëüçóåìñÿ

ïîäïðîñòðàíñòâîì Pn àëãåáðàè÷åñêèõ êîìïëåêñíûõ ïîëèíîìîâ ñòåïåíè

≤ n. Äëÿ ïðîèçâîëüíîãî pn ∈ Pn â ðàáîòå [15, 
.16, �îðìóëà (46), ñëó-

÷àé R = 1℄ äîêàçàíî íåðàâåíñòâî

‖p(r)n ‖Hq
≤ αn,r




1∫

0

ρnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ
. (28)

Ó÷èòûâàÿ íåðàâåíñòâà (24) è (25), ââåäåì â ìíîæåñòâå Pn ∩ Bq,γ (n + 1)-
ìåðíûé øàð ïîëèíîìîâ

Sn+1 :=




pn ∈ Pn : ‖pn‖Bq,γ

≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q




,

è ïîêàæåì, ÷òî Sn+1 ⊂ W (r)Hq. Íî äëÿ ïðîèçâîëüíîãî pn ∈ Sn+1 èç (28)

èìååì

‖p(r)n ‖Hq
≤ αn,r




1∫

0

ρnq+1γ(ρ)dρ




−1/q

‖pn‖Bq,γ

≤ αn,r




1∫

0

ρnq+1γ(ρ)dρ




−1/q

1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

= 1

è òåì ñàìûì âêëþ÷åíèå Sn+1 ⊂ W (r)Hq äîêàçàíî. Íî òîãäà èç îïðåäåëåíèÿ

áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà ïîëó÷àåì

bn(W
(r)Hq, Bq,γ) ≥ bn(Sn+1, Bq,γ) ≥

1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

. (29)
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Ñîïîñòàâëÿÿ ñîîòíîøåíèÿ (24), (25), (29) â ñèëó (8) ïîëó÷àåì òðåáóåìûå

ðàâåíñòâà (21). Ýòèì ðàâåíñòâî (21) äîêàçàíî äëÿ 1 ≤ q < ∞. Ñëó÷àé

q = ∞ ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì ïðè q → ∞ (ñì., íàïð., [16℄).

Èç ïðèâåäåííîãî âûøå äîêàçàòåëüñòâà ñëåäóåò, ÷òî ïîäïðîñòðàíñòâî

L∗
n ÿâëÿåòñÿ ýêñòðåìàëüíûì äëÿ êëàññà W (r)Hq â ïðîñòðàíñòâå Lq,γ, â

ñëó÷àå âû÷èñëåíèÿ êîëìîãîðîâñêîãî è ëèíåéíîãî n-ïîïåðå÷íèêîâ, à ïîä-
ïðîñòðàíñòâî Pn � ýêñòðåìàëüíîå äëÿ áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà
bn(W

(r)Hq, Bq,γ). Ëèíåéíûé íåïðåðûâíûé îïåðàòîð Ln(f, z), îïðåäåë�åííûé
ðàâåíñòâîì (18) è óäîâëåòâîðÿþùèé íåðàâåíñòâó (23), áóäåò íàèëó÷øèì

ëèíåéíûì ìåòîäîì ïðèáëèæåíèÿ êëàññà W (r)Hq â ïðîñòðàíñòâå Lq,γ.

Äàëåå çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ W (r)Hq∩Ln
∗ â ñèëó

(18), (20) è ðàâåíñòâ

ck(f) = f (k)(0)/k! = 0, k = 0, n− 1

ñïðàâåäëèâî ïðåäñòàâëåíèå

f(ρeit) =
1

2π

2π∫

0

f (r)(eiθ)eirtGn,r,ρ(t− θ)dθ,

ãäå 0 ≤ ρ < 1, 0 ≤ t < 2π. Èç (18), (20) è (24) è èç îïðåäåëåíèÿ ãåëü-

�àíäîâñêîãî n-ïîïåðå÷íèêà ïîëó÷àåì

dn(W (r)Hq, Bq,γ) ≤ sup
{
‖f‖Bq,γ

: f ∈ W (r)Hq ∩ Ln
∗

}

≤ 1

αn,r




1∫

0

ρnq+1γ(ρ)dρ




1/q

. (30)

Ñîïîñòàâëÿÿ íåðàâåíñòâà (29) è (30) è ó÷èòûâàÿ ñîîòíîøåíèÿ (8), óáåæäà-

åìñÿ, ÷òî ïîäïðîñòðàíñòâî Ln
∗ êîðàçìåðíîñòè n áóäåò ýêñòðåìàëüíûì äëÿ

ãåëü�àíäîâñêîãî n-ïîïåðå÷íèêà dn(W (r)Hq, Bq,γ), ÷åì è çàâåðøàåì äîêàçà-

òåëüñòâî òåîðåìû 2.

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 2 â ñëó÷àå γ(ρ) ≡ 1 èìåþò ìåñòî
ðàâåíñòâà

dn(W
(r)Hq;Lq) = δn(W

(r)Hq;Lq) = dn(W (r)Hq;Lq) = dn(W (r)Hq;Bq)

= bn(W
(r)Hq;Lq) = bn(W

(r)Hq;Bq)

= E(W (r)Hq;L
∗
n)Lq

= E(W (r)Hq;L
∗
n)Bq

=





∞, åñëè n < r;

(nq + 2)−1/q

αn,r

, åñëè n ≥ r, 1 ≤ q < ∞;

1

αn,r

, åñëè n ≥ r, q = ∞.
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Îòìåòèì, ÷òî óòâåðæäåíèå ñëåäñòâèÿ 1 ðàíåå áûëî ïîëó÷åíî

À.Ïèíêóñîì [7, 
.254, òåîðåìà 2.4℄.

�3. Íåêîòîðûå ðåçóëüòàòû â ïðîñòðàíñòâå B2,γ, ñâÿçàííûå ñ

ìîäóëåì íåïðåðûâíîñòè â ïðîñòðàíñòâå H2,ρ

Â ýòîì ïóíêòå íàõîäèì òî÷íûå çíà÷åíèÿ áåðíøòåéíîâñêîãî è êîëìîãî-

ðîâñêîãî n-ïîïåðå÷íèêîâ êëàññîâ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíê-

öèé, óñðåäí�åííîå çíà÷åíèå ìîäóëÿ íåïðåðûâíîñòè ω(zrf (r); t, ρ)H2
ñ âåñîì

sin(π/u)t êîòîðûõ îãðàíè÷åíî ñâåðõó çàäàííîé ìàæîðàíòîé Φ.
Ïðåäâàðèòåëüíî äîêàæåì îäíó ëåììó, óñòàíàâëèâàþùóþ ñâÿçü ìåæäó

âåëè÷èíàìè íàèëó÷øåãî ïðèáëèæåíèÿ En−1(f)B2,γ
è En−1(z

rf (r))B2,γ
.

Ëåììà 1. Äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ B2,γ , ó êîòîðîé f (r) ∈
B2,γ, èìååò ìåñòî íåðàâåíñòâî

En−1(f)B2,γ
≤ 1

αn,r
En−1(z

rf (r))B2,γ
(31)

ïðè÷�åì íåðàâåíñòâî (31) îáðàùàåòñÿ â ðàâåíñòâî äëÿ �óíêöèè f0(z) = azn,
a ∈ C, n ∈ N, n > r, r ∈ Z+.

Äîêàçàòåëüñòâî. Â ñàìîì äåëå äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ B
(r)
2,γ

íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïîëó÷àåì

E2
n−1(f)2,γ =

∞∑

k=n

|ck(f)|2
1∫

0

ρ2k+1γ(ρ)dρ, (32)

E2
n−1(z

rf (r))2,γ =
∞∑

k=n

α2
k,r|ck(f)|2

1∫

0

ρ2k+1γ(ρ)dρ. (33)

Ó÷èòûâàÿ (33) è çàìåòèâ, ÷òî ïðè k ≥ n è ëþáîé r ∈ N èìåþò ìåñòî

íåðàâåíñòâà αk,r ≥ αn,r (αk,r/αn,r ≥ 1), èç íåðàâåíñòâà (32) ïîëó÷àåì

E2
n−1(f)2,γ =

∞∑

k=n

|ck(f)|2
1∫

0

ρ2k+1γ(ρ)dρ

≤
∞∑

k=n

(
αk,r

αn,r

)2

|ck(f)|2
1∫

0

ρ2k+1γ(ρ)dρ

=
1

α2
n,r

∞∑

k=n

α2
k,r|ck(f)|2

1∫

0

ρ2k+1γ(ρ)dρ =
1

α2
n,r

E2
n−1(z

rf (r))2,γ,
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îòêóäà è âûòåêàåò íåðàâåíñòâî (31).

Ïîêàæåì òî÷íîñòü (31) íà �óíêöèè f0(z) = azn, a ∈ C, n ∈ N. Äëÿ

ýòîé �óíêöèè f
(r)
0 (z) = aαn,rz

n−r
, zrf

(r)
0 = aαn,rz

n

E2
n−1(f0)2,γ = |a|2

1∫

0

ρ2n+1γ(ρ)dρ, (34)

E2
n−1(z

rf
(r)
0 )2,γ = |a|2α2

n,r

1∫

0

ρ2n+1γ(ρ)dρ. (35)

Âîñïîëüçîâàâøèñü ðàâåíñòâàìè (35) è (34), çàïèøåì

E2
n−1(f0)2,γ = |a|2

1∫

0

ρ2n+1γ(ρ)dρ

=
1

α2
n,r


|a|2α2

n,r

1∫

0

ρ2n+1γ(ρ)dρ


 =

1

α2
n,r

E2
n−1(z

rf
(r)
0 )2,γ

è òî÷íîñòü íåðàâåíñòâà (31) äîêàçàíà.

Èç äîêàçàííîé ëåììû 1 âûòåêàåò

Ñëåäñòâèå 2. Â óñëîâèÿõ ëåììû 1 âûïîëíÿåòñÿ íåðàâåíñòâà

En−1(f)B2,γ
≤




1∫

0

ρ2n+1γ(ρ)dρ




1/2

1

αn,r
En−1(z

rf (r))H2
. (36)

Â ñàìîì äåëå, íåðàâåíñòâî (36) âûòåêàåò èç ñëåäóþùåãî ñîîáðàæåíèÿ.

Èìååì

E2
n−1(f)B2,γ

=

∞∑

k=n

|ck(f)|2
1∫

0

ρ2k+1γ(ρ)dρ

≤ 1

α2
n,r

∞∑

k=n

α2
k,r|ck(f)|2

1∫

0

ρ2k+1γ(ρ)dρ

≤
1∫

0

ρ2n+1γ(ρ)dρ · 1

α2
n,r

∞∑

k=n

α2
k,r|ck(f)|2

=

1∫

0

ρ2n+1γ(ρ)dρ · 1

α2
n,r

E2
n−1(z

rf (r))H2
,
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îòêóäà è ñëåäóåò íåðàâåíñòâî (36).

Ïóñòü f ∈ A(U) ïðèíàäëåæèò ïðîñòðàíñòâó Bq,γ. Ïîëàãàÿ

Mq(f(·+ h)− f(·), ρ) =


 1

2π

2π∫

0

|f(ρei(t+h))− f(ρeit)|qdt




1/q

,

îïðåäåëèì ìîäóëü íåïðåðûâíîñòè �óíêöèè f ∈ Hq,ρ (1 ≤ q ≤ ∞) ðàâåí-
ñòâîì

ω(f ; δ, ρ)q := sup
|h|≤δ

Mq(f(·+ h)− f(·), ρ). (37)

Ëåãêî ïðîâåðèòü, ÷òî ïðè êàæäîì �èêñèðîâàííîì ρ ∈ (0, 1) �óíêöèÿ

ω(f ; δ, ρ)q îáëàäàåò âñåìè ñâîéñòâàìè ìîäóëÿ íåïðåðûâíîñòè.

Ïóñòü Φ(u) � âîçðàñòàþùàÿ ïîëîæèòåëüíàÿ �óíêöèÿ, äëÿ êîòîðîé

lim
u→0

Φ(u) = Φ(0) = 0. Äëÿ 0 < u ≤ 2π ââåä�åì ñëåäóþùèé êëàññ àíàëè-

òè÷åñêèõ �óíêöèé:

B
(r)
2,γ(Φ) :=




f ∈ B2,γ :

1∫

0

ργ(ρ)


 π

2u

u∫

0

ω2(zrf (r); t, ρ)2 sin
π

u
tdt




1/2

dρ ≤ Φ(u)





.

Ñëåäóÿ ðàáîòå [8℄, ââåä�åì îáîçíà÷åíèå

(1− cosmt)∗ := {1− cosmt, åñëè 0 < mt ≤ π; 2, åñëè mt > π}.
Ñëåäóþùàÿ òåîðåìà îáîáùàåò ðåçóëüòàòû èññëåäîâàíèÿ ðàáîò [9, 22℄ íà

áîëåå øèðîêèõ êëàññàõ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé.

Òåîðåìà 3. Åñëè �óíêöèÿ Φ(u) ïðè âñåõ u ∈ (0, 2π] è ëþáîì µ > 0
óäîâëåòâîðÿåò óñëîâèþ

Φ2

(
u

µ

) πµ∫

0

(1− cos t)∗ sin
t

µ
dt ≤ 2µΦ2(u), (38)

òî

bn(B
(r)
2,γ(Φ), B2,γ) = dn(B

(r)
2,γ(Φ), B2,γ) =

1√
2αn,r

Φ
(π
n

)
. (39)

Äîêàçàòåëüñòâî. Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ïðîñòðàíñòâà B2,γ

äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ B2,γ ïðîñòûìè âû÷èñëåíèÿìè ïîëó÷àåì:

En−1(f)B2,γ
= inf{‖f − pn−1‖B2,γ

: pn−1 ∈ Pn−1} = ‖f − Tn−1(f)‖B2,γ

=





1∫

0

ργ(ρ)M2
2 (f − Tn−1(f), ρ)dρ





1/2

, (40)
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ãäå Tn−1(f, z) =
n−1∑
k=0

ckz
k
� ÷àñòè÷íàÿ ñóììà (n−1)-ãî ïîðÿäêà ðàçëîæåíèÿ

�óíêöèè f ∈ B2,γ â ðÿä Òåéëîðà f(z) =
∞∑
k=0

ckz
k
.

Â [9℄ äîêàçàíî, ÷òî äëÿ ïðîèçâîëüíîãî ρ ∈ (0, 1) èìååò ìåñòî íåðàâåí-
ñòâî

M2
2 (f − Tn(f), ρ) ≤

n

4

π/n∫

0

ω2
2(f ; t, ρ)2 sinntdt. (41)

Ó÷èòûâàÿ íåðàâåíñòâî (41), èç (40) ïîëó÷àåì

En−1(f)B2,γ
≤





1∫

0

ργ(ρ)


n

4

π/n∫

0

ω2
2(f ; t, ρ)2 sinntdt


 dρ





1/2

. (42)

Ëåãêî ïðîâåðèòü, ÷òî íåðàâåíñòâî (42) ÿâëÿåòñÿ òî÷íûì äëÿ �óíêöèè

f0(z) = azn, a ∈ C, n ∈ N. Èç íåðàâåíñòâà (42) ñðàçó âûòåêàåò ñëåäóþùåå

ñîîòíîøåíèå

En−1(z
rf (r))2,γ ≤





1∫

0

ργ(ρ)


n

4

π/n∫

0

ω2(zrf (r); t, ρ)2 sin ntdt


 dρ





1/2

. (43)

Ó÷èòûâàÿ ïîñëåäíåå ñîîòíîøåíèå, èç íåðàâåíñòâà (31) èìååì

En−1(f)2,γ ≤ 1√
2αn,r





1∫

0

ργ(ρ)


n

2

π/n∫

0

ω2(zrf (r); t, ρ)2 sinntdt


 dρ





1/2

.

(44)

Èç (44) è îïðåäåëåíèÿ êëàññà B
(r)
2,γ(Φ) ïîëó÷àåì îöåíêó ñâåðõó

dn(B
(r)
2,γ(Φ), B2,γ) ≤

1√
2αn,r

Φ
(π
n

)
. (45)

�àññìîòðèì (n+ 1)-ìåðíûé øàð ïîëèíîìîâ

Sn+1 :=

{
pn ∈ Pn : ‖pn‖B2,γ

≤ 1√
2αn,r

Φ
(π
n

)}
. (46)
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Ïîñêîëüêó äëÿ ïðîèçâîëüíîãî ïîëèíîìà pn(z) =
n∑

k=0

akz
k ∈ Pn

1

2π

2π∫

0

∣∣(ρei(t+τ))rp(r)n (ρei(t+τ))− (ρeiτ )rp(r)n (ρeiτ )
∣∣dτ

= 2

n∑

k=r

α2
k,r(1− cos kt)ρ2k|ak|2, (47)

òî, ó÷èòûâàÿ, ÷òî M2
2 (pn, ρ) =

n∑
k=0

ρ2k|ak|2, èç îïðåäåëåíèÿ (37) ìîäóëÿ

íåïðåðûâíîñòè ωq(f ; δ, ρ) è ðàâåíñòâà (47) ïîëó÷àåì

ω2(zrp(r)n ; t, ρ)2 ≤ 2α2
n,r(1− cosnt)∗M

2
2 (pn, ρ). (48)

Óìíîæèì îáå ÷àñòè íåðàâåíñòâà (48) íà �óíêöèþ

π

2u
sin

π

u
t è ïðîèíòåãðè-

ðóåì ïî t îò 0 äî u, çàòåì îáå ÷àñòè ïîëó÷åííîãî íåðàâåíñòâà âîçâåä�åì

â ñòåïåíü 1/2, óìíîæèì íà ργ(ρ) è ñíîâà ïðîèíòåãðèðóåì ïî ρ îò 0 äî 1.
Òîãäà, èñïîëüçóÿ îïðåäåëåíèå íîðìû â ïðîñòðàíñòâå B2,γ , èìååì

1∫

0

ργ(ρ)





π

2u

u∫

0

ω2(zrp(r)n ; t, ρ)2 sin
π

u
tdt





1/2

dρ

≤ αn,r‖pn‖B2,γ




π

u

u∫

0

(1− cos nt)∗ sin
π

u
tdt





1/2

. (49)

Åñëè òåïåðü ïðåäïîëàãàòü, ÷òî pn ∈ Sn+1, òî èç (49) â ñèëó (46) ñëåäóåò,

÷òî

1∫

0

ργ(ρ)





π

2u

u∫

0

ω2(zrp(r)n ; t, ρ)2 sin
π

u
tdt





1/2

dρ

≤



Φ2

(π
n

)
· π

2u

u∫

0

(1− cos nt)∗ sin
π

u
tdt





1/2

. (50)
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Ïîëàãàÿ â ïðàâîé ÷àñòè (50) π/n = u/µ ñ ó÷åòîì óñëîâèÿ (38), ïîëó÷àåì

Φ2
(π
n

)
· π

2u

u∫

0

(1− cosnt)∗ sin
π

u
tdt

=
n

2µ
Φ2

(
u

µ

) u∫

0

(1− cosnt)∗ sin
nt

µ
dt

=
1

2µ
Φ2

(
u

µ

) πµ∫

0

(1− cos t)∗ sin
t

µ
dt ≤ Φ2(u). (51)

Èç (50) â ñèëó (51) èìååì

1∫

0

ργ(ρ)





π

2u

u∫

0

(1− cos nt)∗ sin
π

u
tdt



 dρ ≤ Φ(u).

Ýòèì âêëþ÷åíèå Sn+1 ⊂ B
(r)
2,γ(Φ) óñòàíîâëåíî. Íî òîãäà èç îïðåäåëåíèÿ

áåðíøòåéíîâñêîãî n-ïîïåðå÷íèêà ñëåäóåò, ÷òî

bn(B
(r)
2,γ(Φ), B2,γ) ≥

1√
2αn,r

Φ
(π
n

)
. (52)

�àâåíñòâî (39) âûòåêàåò èç ñîïîñòàâëåíèÿ íåðàâåíñòâ (45) è (52). Òåîðåìà

3 äîêàçàíà.

Àâòîðû áëàãîäàðÿò ðåöåíçåíòà çà öåííûå çàìå÷àíèÿ, ñïîñîáñòâóþùèå

óëó÷øåíèþ èçëîæåíèÿ ðåçóëüòàòîâ ñòàòüè.
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